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1. PRELIMINARIES 
A multiset is a finite set in which each element has a positive integer 
assigned to it, this integer being described as the number of times the element 
appears in the multiset. To represent a multiset, let us use a finite sequence, 
written in the form of a word, and let its terms be called letters. For example, 
the multiset, in which the letter a appears twice and b once, could be repre- 
sented by any one of the three expressions, aab, aba, or baa. The represen- 
tation would be unique, if the letters were required to appear, say, in alpha- 
betical order. 
The compositions of a multiset are the ways of separating it into a sequence 
of multisets. For instance, the multiset aab has the following compositions: 
(a, a, b), (a, b, a), (b, a, a>, (aa, b), (6 4, (a, ab), Cab, a> and (aab). 
The principal object of this paper is to introduce an algotithm which will 
generate a complete list without repetitions of the compositions of any 
multiset. In the special case of a multiset of the form aa...a, which has v 
appearances of a single letter, the algorithm will, in effect, generate the com- 
positions of the integer v into positive summands. For example, the compo- 
sitions (a, a, a), (a, aa), (aa, a), and (aaa) of the multiset aaa coincide with 
the numerical compositions 1 + 1 + 1, 1 + 2,2 + 1, and 3 of the integer 3. 
Thus, we obtain a new algorithm in the well-known area of compositions 
of an integer [l]. 
There is another special case at the opposite extreme from the above one, 
consisting of a multiset in which there are no repeated terms. In this case 
our algorithm will generate, in effect, all the compositions of a set into 
disjoint parts. 
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2. THE ALGORITHM 
The algorithm of this paper will generate all the compositions of any multi- 
set m by means of two kinds of steps. One of them will be the joining of two 
consecutive terms in a composition, and the other will be the separation 
of one term of a composition into two consecutive terms. Every step is applied 
to a composition which has been generated by previous steps or which has 
been given as input. It is clear that there must be one or more input elements 
in any algorithm which uses steps of these two kinds. 
The principal result of this paper will be in the following form: A set 4 
of input compositions is defined, and a set of permissible joins and separations 
is defined; then it is proved that every composition of the multiset m can be 
formed by one, and only one, sequence of permissible joins and separations, 
applied to an element of 9. This is the essence of an algorithm, which could, 
for instance, be made more explicit in the following way: 
Let the set 4 be given in the form of a list without repetitions. Regard the 
placing of 9 on a list as the first step of an algorithm, and then apply the 
following step repeatedly, until no more compositions are produced: 
Enlarge the list at hand by adding to it every permissible join and separation 
of each composition which was placed on the list in the preceding step. 
3. INPUT Co~~osInoNs 
Let m be the multiset whose set of compositions is to be generated without 
repetitions; let m be expressed by a sequence e1e2 ... e, of letters written in 
the form of a word; and let the set of all letters in m consist of p letters which 
are assigned a fixed linear ordering. Naturally, TV is less than or equal to p. 
In order that the expression e1e2 ... e0 may be a unique way of expressing m, 
let us adopt the convention that its letters appear in non-increasing order. 
The compositions of m, which are said to be of input form and which 
constitute the input set 9, are as follows: To begin with, the unique compo- 
sition of m into a non-decreasing sequence 
(e, , e2 ,..., e,) 
of single letters belongs to 4. Every other element of 9 can be found from 
this one by recognizing the maximal intervals in it of the form 
(e, e, e,..., 4, 
whose two or more letters are all equal, and replacing any collection of such 
intervals by intervals of the form 
(ee, e,..., 4, 
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in which the first two letters have been joined. Consequently, if the multiset 
m has K letters in it which appear more than once and p - K letters 
which appear only once, then the number of elements in 9 is 2K. This follows 
from the fact that there will be exactly K intervals within (e, , e2 ,..., e,) which 
can take either of the two forms (e, e, e ,...) or (ee, e ,... ). 
If all the letters of m happen to be the same, then the input 9 has two 
elements, and the compositions are essentially of an integer. Whereas, if all 
the letters of m happen to be different, then the input 9 has one element, and 
the compositions are of a set. 
In any composition of m which is not of input form there exists a position, 
to the left of which there is a partial composition of m which is of input form. 
Such a position in any composition is uniquely specified by means of the 
following definition: 
DEFINITION 1. Let (m,, m2 ,... ) be a composition of a multiset m, in 
which each term m, is a multiset expressed by a non-increasing sequence of 
letters. Let there exist a subscript 4 such that 
(ml , m2 ,..., md 
is not of input form, and let 4 be the smallest such subscript; then, theposition 
of separation of the multiset m is determined by one of the four cases listed 
below : 
(i) If 9 = 1 and f is the first letter of md or if e and f are the first 
letters of rn&-, and m6 , respectively, and e < f, then the position of separation 
is immediately after the first or second f in mm according as the number of 
f’s in mQ is odd or even. 
(ii) If f is the first letter of both rndP1 and md , and f appears an odd 
number of times in m, , then the position of separation is immediately after 
the first f in md . 
(iii) If e and f are the first letters of rndTl and m, , respectively, and 
e > f, then the position of separation is between mdM1 and m, . 
(iv) If f is the first letter of both mdM1 and m, , and f appears an even 
number of times in m, , then the position of separation is between m,-, 
and rn+ . 
In the above definition cases (i) and (ii) define the set f of all compositions 
of m which have a position of separation in the middle of a term, and cases 
(iii) and (iv) define the set X of all compositions of m which have a position 
of separation between two terms. The algorithm, to be given, will produce 
each element of $ by joining two consecutive terms in some composition, 
and it will produce each element of.X by separating some term of a compo- 
sition, belonging to 8, into two consecutive terms. 
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4. PERMISSIBLE JOINS AND SEPARATIONS 
Now let us define the permissible joins and separations by means of which 
the elements of 2 and X, respectively, are formed. 
DEFINITION 2. In any composition (m, , m2 ,...) of a multiset m the 
replacement of m, and m,,, by a single multiset, so as to give a new compo- 
sition of m, is a permissible join, if me+I is a single letter greater than or equal 
to any letter in m, and if the position of separation in the resulting com- 
position 
(4, m2 ,..., m,-, , mgtlme, me+2 ,...I 
falls within the newly formed term meflms . 
Notice in this definition that the new term m,,,m, has been written with 
its largest letter ms+l first, according to the convention of placing letters 
in non-increasing order in a multiset. 
DEFINITION 3. In any composition (m, , m2 ,...) of a multiset m, which 
has a position of separation falling within some term me , the replacement of 
me by the ordered pair of multisets determined by the separation, so as to 
give a new composition of m, is called a permissible separation. 
LEMMA. Each permissible separation converts an element of 2 to an 
element of X, and the set of all such pairs of elements constitutes a one-to-one 
correspondence between $ and X. 
Proof. A composition is in J, if it has no position of separation; it is 
in 9 if it does not have a comma at the position of separation; and it is in 
X if there is a comma at the position of separation. The lemma follows from 
the fact that the position of a separation of composition remains unchanged 
when a comma is placed there or removed from there, which can be seen by 
examining the table below, constructed as follows: 
The first column separates the set 9 into 6 cases, according to the nature 
of the terms rnQpl and m, . The subscript 4 is such that m6 contains the posi- 
tion of separation. The letters f and e are the largest and second largest letters, 
respectively, in m, . The only property of m,-, , being considered, is whether 
it contains f’s or not, and in the latter case it may not exist at all. The property 
of m, , being considered, is the number of appearances of the letterf, which 
is indicated by an exponent (0 > 0). The second column is constructed by 
placing a comma in the position of separation of each element of the first 
column. 
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kl p md md-2 , m,-, , md 
(no f’s), fe .*. (nof’s),f, e *.* 
(no f’s), f”e . .. (no f’s), f2, e ... 
(no j’s), f”“+l ... (nof’s),f,f2@ ... 
(no f’s), fzet2 ..- (nof’s), f 2, f 28 1.0 
(some f’s), fe ... (some f’s), f, e . * + 
(some f’s), f 20i1 . . (some f’s), J; f 2e .. . 
The lemma is proved by noticing that the first column represents every 
element of f, and the second column represents every element of X without 
any overlapping among the six cases in each column. 
THEOREM. Every composition of a multiset m is either of input form, or 
else it is formed by one, and only one, sequence of permissible joins and sepa- 
rations, applied to a composition of m which is of input form. 
Proof: Every composition, not of input form, is derived by a permissible 
join or separation from one, and only one, composition. Therefore, each 
composition is the last in a unique sequence of compositions, each derived 
from its predecessor. Since a multiset has only a finite number of compo- 
sitions, the sequence must either start with an element of input form, or 
else it must contain repetitions. We prove the theorem by showing that 
repetitions are impossible. 
In the sequence of compositions, being considered, adjacent ones cannot 
be alike, because joins and separations always decrease or increase, respec- 
tively, the number of multisets in a composition. Furthermore, two sepa- 
rations never occur in succession. Therefore, two compositions in the 
sequence can only be alike if the joins and separations connecting them occur 
alternatingly. That is, a separation follows a join, and a join follows a sepa- 
ration. Likewise, the compositions alternate between elements of $ and ~7. 
By virtue of the one-to-one correspondence between 8; and A? it is only 
necessary to make sure that two elements of X in the alternating sequence 
are not alike. This is shown by defining a linear ordering of X, such that the 
elements of X in the sequence always occur in increasing order. Such a 
linear ordering of X can be chosen by looking at the six types of compo- 
sitions in $, and writing them in the second column below. Then, assuming 
that each entry j was the permissible join of some element of X, we list in the 
first column the composition which each j came from, and on the third 
column we list the composition which each j can be made into by a 
separation. 
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... . e ... , f , ... 
... . fe.. . . f, ... 
f”B. . f, ... . .. ... 
(nof’s), fe a-* 
... (nof’s),f2e 
(nof’s),f2e+1 ... 
... .. ., f, e 
... ... . f*, e 
.. .,S,f* 8 ... 
... . f f, 2e+1 ... ... ... . ... (no f’s), f*“+” .. .,f2,f2 8 
... ... ... . e.. . . f, ... (some f ‘s),fi .. ., A e 
... . f”0.. . . f, (somef’s),f2e+1 ... .. ., f, f”” ... ... 
X has to be linearly ordered in such a way that each entry on the left 
column will precede the corresponding entry on the right column. One way 
is to use an ordering defined by Dominique Foata [2] for sequences: Let j 
and k be multisets, considered as decreasing sequences, and let jk and kj 
be the sequences formed from them by juxtaposition. Then let 
j<k 
if the sequence jk precedes the sequence kj lexicographically relative to the 
ordering of single letters. This orders all sequences except those which are 
perfect powers of the same sequence, which are ordered by the following rule: 
*'. < jj < jj < j 
Finally, compositions are ordered lexicographically relative to the above 
ordering of multisets. 
This ordering insures that elements of 37, which are terms of the sequence 
being considered, will appear in increasing order. Thus there will be no 
repetitions in the sequence, which is what was to be proved. 
The ordering, used in the above proof, has been chosen, because it is 
suitable in the proof of a theorem, which is more general than the present one. 
Here, we are concerned with Iisting compositions of a decreasing sequence 
into decreasing sequences. This can be generalized to a procedure for listing 
all compositions of all sequences (not just the decreasing ones). 
5. CHAIN COMPLEXES 
The theorem of the last section satisfies our objective, which was to deter- 
mine an algorithm for listing the compositions of a multiset, but there was 
no indication of how this rather intricate theorem was determined. The 
method of determination is significant, not only as a new way of finding 
algorithms but also as a way to a better understanding of the present one. 
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A list-making algorithm like a geometrical figure can be described alge- 
braically by associating it with a chain complex. Let us define a sequence 
of finite sets as a basis of a chain complex, if there exists a one-to-one function 
from a subset of each set except %?,, onto a subset of the next set (as indicated 
by the arrows), with the property that the image of each function does not 
overlap with the domain of the next one. This structure is exhibited precisely 
by the compositions of a multiset, if V, is the set of compositions into single 
letters, %‘r the set of compositions obtainable from V, by one join (not only 
a permissible join, but any join), W2 the set of compositions obtainable from 
%7,, by two joins, and so forth. The one-to-one functions are defined by the 
function of y onto X which is proven to be one-to-one in the lemma of 
Section 4. In this example the function from 9 to Y exhibits all permissible 
separations. 
In order to display permissible joins, as well as permissible separations, 
let the definition of the basis of a chain complex be generalized by allowing 
each function to take values which are independent integral linear combi- 
nations of values in the next set. This structure is exemplified by regarding 
the sets in the same way as before, but defining the functions so that each 
element j of the set 2 is carried to k - I, where k is the composition, 
obtained by the permissible separation of j, while I is the composition from 
whichjis obtained by a permissible join. This shows how the essential features 
of a list-making algorithm constitute a basis for a chain complex. Now let 
us consider how this structure can be embedded in a chain complex. 
A chain complex is a sequence 
. ..d’c * 2 ----+ c, -2 c, 
of free additive groups generated by the basis of a chain complex in the 
following way: For each subscript n the finite set VT is a basis for the group 
C, , and d is the unique linear transformation which takes the same values 
as the given one-to-one function on those elements of 9YW , on which it is 
defined, and takes the value zero on those elements of %?- on which the one- 
to-one function is not defined. The condition that the image of one of the 
one-to-one functions does not overlap with the domain of another, can be 
restated by the formula 
AA = 0, 
which is the usual defining relation of a chain complex. 
Suppose we do not know the sets 9, f, and X, by which a list-making 
algorithm is determined. To find them means to reverse the steps, outlined 
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above; that is, to start with a chain complex and find the kind of basis for it, 
which has been defined. It is usually called a standard basis [3], its special 
property being that d is a one-to-one function on a subset of V7n and zero 
on the rest of it. 
Let us review the steps which were followed to find the algorithm of this 
paper. First, the set V of all compositions of a multiset was embedded in a 
chain complex: For each x in %9 the value of d(x) was defined as a linear 
combination of all possible separations of x, there being no such thing yet 
as a permissible separation. Coefficients were determined without difficulty 
which would insure that dd would vanish. The next step, the most difficult 
one, was to find a standard basis for the complex. Algebraically, it is charac- 
terized as follows: Let C be the free additive group, generated by V. Accord- 
ingly, d is a linear transformation of C into itself. 9, %, and Z are bases 
of the groups 
kernel rl C 
image d ’ kernel B ’ and image d, 
respectively. The elements of the first two groups are cosets, so that 9 and ,$ 
are, strictly speaking, sets of representatives of cosets. The first group, 
known as the homology group of the chain complex, can have elements of 
finite order, but did not in this case. The sets 9, $, and X and the one-to-one 
function d of $ onto 2” define an algorithm. The final step was to consider 
various chain complex isomorphisms, and, by applying them to 9, $ and 
x derive alternative algorithms. The algorithm of this paper was the simplest 
which could be found among these alternatives. 
6. THE COMPOSITIONS OF aaab 
As an example let us generate the compositions of the multiset aaub. 
The input compositions are listed as a first step: 
(0 a, a, a, b 
aa, a, b 
(ii) In this and every subsequent step the elements produced by per- 
missible joins of the compositions displayed in the preceding step are listed 
on the left, and to the right of each of these is entered its permissible 
separation: 
a, a, ba a, a, b, a 
aaa, b a, aa, b 
aa, ba aa, b, a 
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(iii) baaa 
a, ba, a 
a, baa 
baa, a 
(iv) ba, a, a 
ba, aa 
b, aaa 
a, b, a, a 
a, b, aa 
b, aa, a 
b, a, a, a 
b, a, aa 
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